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Abstract 



r \ \ We introduce a new definition of a generalized logarithmic module 



of multiarrangements by uniting those of the logarithmic derivation 
and the differential modules. This module is realized as a logarithmic 
derivation module of an arrangement of hyperplanes with a multi- 
plicity consisting of both positive and negative integers. We consider 
several properties of this module including Saito's criterion and re- 
flexivity. As applications, we prove a shift isomorphism and duality 
_ of some Coxeter multiarrangements by using the primitive derivation. 

(N 

in 

^n Introduction 

L^ ! Let V be an ^-dimensional vector space over the real number field M, {xi, . . . , xi} 

00 i a basis for the dual vector space V*, and S := Sym(V^*) (8>irC ^ C[a;i, . . . ,Xi]. 

O ■ Let Derc(S') denote the S'-module of C-linear derivations of S and Q,y the 

S'-module of differential 1-forms, i.e., Derc(5') = 0j=i 5 ■ dx^ and Qy := 



LU 



^ ■ 0j=i'S' ■ dxi. A non-zero element 9 = Y^i^ifid^, e Derc:(5') (resp. 

j^ ■ Ylii=i9idxi G Vly) is homogeneous of degree p if fi (resp. gi) is zero or homo- 

geneous of degree p for each i. 

A hyperplane arrangement A (or simply an arrangement) is a finite collec- 
tion of affine hyperplanes in V. If each hyperplane in A contains the origin, 
we say that A is central. In this article we assume that all arrangements are 
central unless otherwise specified. A multiplicity m on an arrangement A is 
a map m : A -^ Z>o and a pair {A, m) is called a multiarrangement. Let 



*Department of Mathematics, Hokkaido University, Kita-10, Nishi-8, Kita-Ku, Sap- 
poro, Hokkaido 060-0810, Japan. email:abetaku@math. sci.hokudai.ac.jp. 



\m\ denote the sum of the muhiphcities X]He^"^(-^)- When m = l, {A,m) 
is the same as the hyperplane arrangement A and sometimes called a simple 
arrangement. For each hyperplane if G ^ fix a linear form an G V* such 
that 'ker{aH) = H. Put Q{A,m) := YIhga'^h ■ The main objects in this 
article are the logarithmic derivation module D{A,m) of {A,m) defined by 

D{A,m) := {9 G DeTc{S)\e{aH) G S ■ a^^"^ for all H G A}, 
and the logarithmic differential module Q} {A, m) of {A, m) defined by 

VL^{A, m) := {u G -i7y |(iaj|/ A a; is regular along ii' for all if G ^4}. 

It is well-known that D{A,m) and V!}{A,m) are S'-dual modules, and hence 
reflexive in general. A multiarrangement {A,m) is free if D{A,m) is a free 
S'-module of rank L If (^, m) is free, then there exists a homogeneous free 
basis {^1, . . . , 9i\ for il'(^, m). Then we define the exponents of a free multi- 
arrangement {A^m) by exp(^, m) := (deg(6'i), . . . ,deg(6'^)). The exponents 
are independent of a choice of a basis. When ?7i = 1, the logarithmic deriva- 
tion, differential modules and exponents are denoted by D{A)^ VL^{A) and 
exp(^) respectively. 

Multiarrangements were introduced by Ziegler in [T7], and have been 
shown to illuminate several algebraic and topological problems about simple 
arrangements. Two important results concerning multiarrangements are the 
freeness of Coxeter arrangements with (quasi-)constant multiplicities ([11]. 
[12], [IS] and [1]), and the relation with the Hodge filtration ([E]). In these 
results, only multiplicities of positive, or non-negative integers were consid- 
ered. However, the results in [1] and [1] suggest (at least when we consider 
Coxeter arrangements) mixing the definitions of the logarithmic derivation 
and the differential modules by considering a multiplicity with positive and 
negative integers. Let us explain the background more explicitly. 

Let ^ be a Coxeter arrangement with the Coxeter number h and m : 
A — >■ {0, 1} a quasi- constant multiplicity. Then, for a multiarrangement 
(^, 2k ± m) with k G Z>o, Theorem 10 in [1] gives isomorphisms 

D{A, m){-kh) -^ D{A, 2k + m) 
n\A,m){-kh) ^ D{A,2k-m) 

and a duality between D{A,2k + m){kh) and D{A,2k — m){kh) by using 
Kyoji Saito's primitive derivation D and the affine connection V, where, for 
an ^-module M, M{a) is an S'-graded module such that its 6-degree part 
M{a)b = Ma+b for a,b E Z. For details of D and V, see [7] and Section 



two. Also, the results in [T] shows that, for a braid arrangement A and 
multiplicity m : A —>■ {+1, 0, —1}, there exists a similar duality between free 
multiarrangements (.4, 2k + m) and {A, 2k — m). Hence it is natural to expect 
a similar result to that in [3j for a multiplicity m : A ^ {+1,0,— 1} on an 
arbitrary Coxeter arrangement A. For that purpose, we need a generalized 
logarithmic module for such a multiplicity. Our first goal of this article is to 
define this module for a multiplicity with both positive and negative integer 
values. Let us begin with a generalized definition of multiplicities. 

Definition 0.1 

We call a map m : A ^ Tj a multiplicity on A, and {A, m) a multiarrange- 
ment. Define A+ := {H e A\m{H) > 0}, A- := {H G A\m{H) < 0}, and 
two polynomials Q^ and Q- by 

m(H+) 



"h. 



(^H. 



m{H.) 



Q. = U 

H+&A+ 

Q : = n 

H.&A- 

For fi G {+, — }, define m^ by 

'"'^^'^^•~\ ifH^A^. 

We say that — — is a "defining function" of a multiarrangement {A, m). 

In order to define a logarithmic module, let us introduce some morphisms 
between localizations of Derc(S') and Q\^ (see [7], [^ and [Tp| for details). 
If we fix an inner product I* of V* then the dual isomorphism /* : Vly -^ 
Derc(S') is canonically defined by /*(u;)(/) := I*{uj, df) for f E S. Note that 
9}{A-,-m^) C (fiy)© and D{A+,m.+) C Dercl^) C Derc(5')(o). If we 
agree that /* also denotes the localized identification (r2y)(o) -^ Derc(5')(o) 
at the ideal (0), then we obtain the following diagram: 

VL^{A-,-m\ -—D{A+,m+) 

Q- 

(^y)(o) — ^ Derc(5)(o) 

Now we can state a definition of the main character of this article. 



Definition 0.2 

The (generalized) logarithmic module DQ{A, m) of a niultiarrangenient {A, m) 
is defined, as the submodule of Derc(S')(o), by 

DniA,m) := -^(■^+'"^+) f]l*{n\A^,-m_)). 

V- 



Remark 0.3 

Since I* is a canonical identification, we can also define an S -module QD{A, m), 
as the submodule of (fiy)(o), by 

nDiA,m) := (r)-\^^i:^^fI!^)f]n\A^,m^). 

Since DQ{A,m) ^ QD{A,—m), in this article, we mainly study and use 
Dn{A,m)cI)eTciS)^o)- 

Remark 0.4 

We defined the generalized logarithmic module over the real number field 
and its complexification, but we can give that definition over any field IK by 
introducing a non-degenerate symmetric bilinear form /* : K^ x K^ ^ K. In 
particular, if we fix an orthonormal coordinate system {xi, . . . ,a;^} for V*, 
Definition 10.21 is equivalent to the following: 

Definition 0.5 -, 

The logarithmic module Dfl{A, m) C —— DeT^{S) is defined by DQ{A, m) : = 

V- 

miH+) 

1 ajj 
{9 E ■—— DerK(5') | 6{aH+) € — -p^ S for all H^ E A+ and6AdaH_ is regular 

along H_ for all H_ E A-}, where dan ■= X)i=i dxX(^H)dxi- 

Note that, here, we are canonically identifying d^^ and dxi. Depending 
on a choice of (non-orthonormal) coordinates, the defining statement of Def- 
inition 10.51 changes, though Definition 10.21 does not. For it includes inner 
products in the definition. In this article, we work over the real number field 
and its complexification, but almost all results (more precisely, results except 
for those in Section two) hold true even over any fields by applying the same 
proofs as for those over M or C. 

Also, when we prove results related to DQ{A, m) we often choose an 
orthonormal coordinate system {xi, . . . , xe} and use Definition 10.51 for con- 
venience. 



Remark 0.6 

The S-niodule structure of DQ{A, m) depends on the choice of the inner 
product I* , which we will see in Example \1.1\ Hence we sometimes write 
DQ{A, m, /*) instead ofDQ{A, m) when we want to make it clear with which 
inner products we are studying. When there would be no confusions, we omit 
I* and just write DQ{A, m). 

The aim of this article is to investigate properties of the logarithmic mod- 
ule DVL{A,m) (Theorems 11.41 and 11.71 for instance), and give an application 
to Coxeter multiarrangements as the main theorem and a generalization of 
results in both [1] and [Ij. More explicitly, we will give the following shift 
isomorphism by using the primitive derivation: 

Theorem 0.7 

Let A he a Coxeter arrangement with the Coxeter number h, m : A ^ 
{+1, 0, —1} and k G Z>o. Then there are S-module isomorphisms as follows: 

DQ{A,m){-kh) -^ D{A,2k + m), 
QD{A,m){-kh) -^ D{A,2k-m). 



We prove Theorem 10. 71 by constructing explicit isomorphisms in Theorem 
12. 1[ In particular, the generalized duality of Coxeter multiarrangements be- 
tween D{A,2k + m){kh) and D{A,2k — m){kh) will be given in Corollary 

The organization of this article is as follows. In Section one we show 
some general properties of DQ{A, m) including Saito's criterion and reflex- 
ivity. In Section two we apply the theory of logarithmic modules to Coxeter 
multiarrangements and prove Theorem 10.71 and the duality. 
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this article. Also the author thanks Professor Sergey Yuzvinsky and Dr. 
Max Wakefield for their kind advice. The author is supported by the JSPS 
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1 Generalized logarithmic module of a mul- 
tiarrangement 

In this section we study several properties of a logarithmic module DVL{A, m) 
which is introduced in the previous section. Let V be an ^-dimensional 



Euclidean space. Before fixing an inner product, let us consider the following 
example. 

Example 1.1 

Let (A, m) be a multiarrangement in M^ defined by — = 0, wliere {x, y} is a 

y 

basis for (M^)*. Let I^ be an inner product on V* defined by 

I^{dx, dx) = Ii{dy, dy) = 1, Il{dx, dy) = Ii{dy, dx) = 0. 
Then it is easy to show that DQ{A, m, I^) is a free S-niodule with basis 

Dn(A,m,Il) = {xd^,-dy)s. 

Next, let 1 2 be an inner product on {E?)* defined by 

/j ((ix, dx) = I^^dx, dy) = l2{dy, dx) = 1, l2{dy, dy) = 2. 
Then it is also easy to show that DQ{A, m, /g) is a free S-module with basis 

DniAm,!;) = {dy,^^ '-)s = {r2i-dx + dy),r2i-dy))s. 

y y 

Hence we can see that the S-niodule structure of DQ{A,m,I*) depends on 
a choice of inner product I* as mentioned in Remark 10.61 

From now on, in this section, let us fix an inner product I* on V* and 
write DQ{A,m,) instead of DQ{A,m,I*) unless otherwise specified. First, 
note that, by definition DQ{A, m) is an ^-graded module. If Q+ = 1 then 
Definition 10.21 coincides with that of Q^{A,m) and if Q_ = 1 then Defini- 
tion [O^] coincides with that of D{A,m) by the fixed identification between 
Derc(S') and Qy through /*. Hence Dfi{A,m,) is a generalization of both 
modules D{A,m.) and fl^{A,m.). 

Example 1.2 

Let (A, m) be a multiarrangement in M^ defined by — = 0, where 

x[x — y) 

{x, y} is an orthonormal coordinate system for M?. Then it is easy to prove 

that DVt{A,m) is free with a basis 

Dil[A,m,) = (— , '-js- 

X X — y 



Though two examples above are both free (see Corollary II. 91) . it is known 
that DQlAjin) is not free in general when i>3 (see Example 11.61 for exam- 
ple). Hence we say that {A, m) is free if DVL{Aj m) is a free S'-module of rank 
£. If {A, m) is free then there exists a homogeneous free basis {^i, . . . , Of} for 
DVL{A^ m). Then the exponents of a free multiarrangement {A, m) is defined 
by exp(^, m) := (deg^i, . . . ,deg6'£). Exponents are independent of a choice 
of a basis. For instance, the multiarrangement in Example 11.21 is free with 
exponents (—1, 0). 

Next let us consider the structure of the module DQ{A, m), especially its 
freeness. 

Lemma 1.3 

For 6i,. . . ,6i G DQ{A, m), let us define the {i x i)-matrix M{6i, . . . ,6i) as 
its {i,j)tli entry 9j{xi). Then 

detM{ei,...,de)eS-^. 



Proof. We prove by choosing an orthonormal basis {xi, . . . , xe} for V*. By 
definition, poles of det M{9i, . . . ,9e) can exist only along Q^ = 0. Take 
Hq E A and put \m{HQ)\ = mQ. First, assume that (5+ = Q\(y^ with 
auQ \ Q+- By an appropriate change of orthonormal coordinates, we may 

x^° 
assume that uhq = xi. Then 9i{xi) G -^ ■ S* for i = 1, 2, . . . , £. Therefore, 

det M(6'i, ■ ■ ■ ,0e) E S ■ -^j-- Since Rq runs over all ifo £ '^+! it holds that 

Q- 

det M(^i, ...,dt)ES- ^. Next, assume that Q_ = oi^^Q'^ with au^ \ Q'_. 

Again we may assume that a^/^ = X\. Let us show that the order of the 
pole of det M(^i, . . . , 6'^) along i^o is at most ttiq- By definition Qj A dx\ 
has no poles along H^ for all j. In particular, Oj{xi) is regular along Hq for 
j = 1,2, . . . ,i and i = 2, . . . ,i. Hence the order of poles of det M{9i, . . . ,9e) 

along Hq is at most mg, which shows that det M{9i, . . . , 9i) E S ■ ——. D 

V— 

Now we obtain Saito's criterion for DQ{A,m). 

Theorem 1.4 (Saito's criterion) 

For 9i, . . . ,9i E DQ{A, m), the following two conditions are equivalent: 

(1) {9i, . . . , 9i} forms a basis for DQ{A, m). 

(2) det M{9i, ...,9i) = c-^forcEC\{0}. 

7 



Proof. First assume that the condition (2) holds. We may assume that 

det M(6'i, . . ■ ,0e) = ——. Note that this imphes that 9i, . . . ,9e are indepen- 

dent over 5*. By definition, Q-9i is a regular vector field for each i and 
detM(g_^i,...,Q_^^) = Qt^Q+. Take 6 e Dn{A,m). Since Q+QiO e 
Q+Q^S^ Derc(S'), there exist polynomials fi, . . . , fi G S such that Q+Q^_9 = 
^j=i fiQ-Oi- Hence it is sufficient to prove that Q+Q'l^lfi for i = 1, 2, . . . , £. 
Let us compute the following (where dx = d^^ A ■ ■ ■ A d^J: 

Q+Q'_9i A ■ ■ ■ A ft,_i A 9 A 9,+i A---A9i = g,Q\Q'l^dx {g-, G S) 

e. 
= 0iA---A(5^/,Q_e,)A---A^, 

= fiQ+dx. 

Hence fi = Q+Q^S^gi and {^i, . . . , ^^} forms a basis for DVl(A, m). 

Next assume that the condition (1) holds. Put det M(6'i, . . . ^9() = fyz- 

ioT f e S\ {0} (by LemmaOD- Let us prove that / G C \ {0}. Take Hq e A 
and put \m{HQ)\ = itiq. We may choose an orthonormal basis {xi, . . . , x^] for 
V* such that auo = Xi. First assume that Q+ = x'^^Q'j^ with xi \ Q'_^. Then 
Q+dx^, Q'_^_dx2, • • • , Q'+dxf^ G DQ{A, m). Since {6'i, . . . , 9i} forms a basis, we 
have 

Q+{Q'J-^dxeS-f^dx, 



or equivalently, 

Q_(Q+)^-^ = fg for some ^ G 5. 

Since Hq runs over all hyperplanes in ^+, it follows that f\Q-- Note that 
/ and Q+ have no common factors. Next assume that Q- = x^°Q'_ with 

xi t (5'_. Then -^dx,,Q+dx2, ■ ■ ■ ,Q+dxi G L'fi(^,m). Since {6'i, . . . , 6'£} 



•h 1 

forms a basis, we have 

-^9x G S ■ f-Q^dx, 

or equivalently, 

g'_g^^-i = fg' for some ^' G S. 

Since iJo runs over all hyperplanes in A-, it follows that / is a non-zero 
scalar. D 

Corollary 1.5 

The homogeneous elements 9i, . . . ,9e G DQ{A, m) form a basis for DQ{A, m) 
if and only if the following two conditions are satisfied: 

8 



(1) 9i, . . . ,9i are independent over S. 

(2) Ei=i deg(^») = \m\ := degQ+ - degQ_. 

Proof. By Theorem [L4] it is obvious that (1) and (2) are satisfied if {6i, . . . , 6e} 
forms a basis. Assume that (1) and (2) hold. If we put det M{6i, . . . ,6i) = 

/— — for some f E S \ {0} (because of the condition (1)), then deg(/) = 

by the condition (2). Hence Theorem 11.41 completes the proof. D 

Example 1.6 

Let A be the Coxeter arrangement of type A^, i.e., the arrangement defined 
^y ni<j<7<4(^« ~ -^j) ~ ^ ^^^ ^^ orthonormal basis {xi,X2,X3,Xi}. Define 
the multiplicity rrii on A by 

^ (rr ._f 1 if(z,j) = (1,2), (1,3) or (2, 3), 
m,[n,,) .- I _^ .^^^^^.^ ^ ^^^^^^ ^2,4) or (3,4), 

where Hij := {xi — Xj = 0}. In other words, {A, mi) is defined by the rational 
function ni<j<7<3('''« '~ -^i)/ nj=i 2 si^i ~ ^4)- Then it is easy to check that 
the following four derivations are contained in DQ{A, -mi); 



5x1 +9x2 +dx;, 

xidx^ +X2dx2 +x-idx^, 



d 



•9x1 dxo dx. , I 1 1 X r^ 

04 : = -^ + -^ + -^ ( + + )d,,. 

X\ — X4 X2 — Xi X3 — X4 X\ — X4 X2 — 3^4 X3 — X4 

Then Corollary 11 . 51 shows that [A, rrii) is free with a basis {^i, 62, 63, 64} and 
exp(^, mi) = (0, 1, 0, —1). On the other hand, the multi-braid arrangement 
{A,m.2) of type A3 defined by {xi — 0:2) (x2 — X3){xi — X4)/(xi — X3){x2 — 
X4){x3 — X4) = is not free (see Theorem \2.5\) . 

The (non-)freeness of these mult-braid arrangements and the exponents 
have been expected by the result in fl|, for the multiplicity mi corresponds 
to the bicolor-eliminable graph and the exponents above to the degrees of 
that graph, but m,2 does not. We will consider the multi-braid arrangement 
of this type in Theorem 12.51 again. 

Now we give the duality of logarithmic modules, which is one of the most 
important results in the arrangement theory. 



Theorem 1.7 

For a niultiarrangement {A, m) , define the multiplicity —m on A by {—m) (H) : 
—in{H) for H G A. Equivalently, {A, —m) is defined by the rational function 

——. Then DQ{A,m) and DQ{A, —m) are S-dual modules. 

Q+ 

Proof. For a basis {xi, . . . ,a;^} for V*, define an S'-bilinear map ( , ) : 
DVL{A,m^) X DVL{A,—m) -^ S hj {0,uj) := J2i=i^i^i)v{^i)- I^ is easy to 
check that this pairing is independent of a choice of a basis. Let us prove that 
this pairing is a non-degenerate perfect pairing. First let us prove that the im- 
age of ( , ) is contained in S. Put 9 = Y.Ui fAi/Q- and u = X^Li 9idxJQ+ 
for fi,gj G S. Assume that Q^ = q;^°(5+ with ano \ Q'^- We prove that 
{9,uj) = {J2i=ifi9i)/Q+Q-' is regular along Hq. We may put «//(, = xi by 
an orthonormal change of coordinates. Since d^^ A a; is regular along Hq 
by definition of DQ{A, —m), it holds that g2, ■ ■ ■ ,g£ G S ■ a;™". Also, by 
definition of DQ{A,m,), Q^9{xi) = /i is divisible by x'^° . Hence {9,uj) = 
(J2i=i fi9i)/Q+Q- is regular along Hq. By applying the same arguments to 
each H E A, we can see that {9, uj) G S. Hence the pairing ( , ) induces the 
S'-homomorphism A : DQ{A,m) -^ DQ{A,—m,)* := }lom.s{DQ{A,—m,),S) 
defined by A{9){ij) := {9,uj). Because of the symmetry, to complete the 
proof, it suffices to show that A is an isomorphism. First let us prove that A 
is injective. Assume that A(9) = 0. Let us put 9 = J2i=i fidxi/Q-- Noting 
that Q-dxi G DQ{A, —m) for all i, we can see that A(9){Q-dxi) = fi = ^y 
which implies that ^ = 0. Next let us prove that A is surjective. Take 

ip G DQ{A, —m)* and define — — 3Tp := — — 2_] '^{Q-dxJdx^- We prove 

that Tp G DVt{A.,m). First assume that Q^ = x^'^Q'j^ with Xi \ Q'_^. By defi- 



^- A ^ T-,n,i' A ™\ xj„„„„ T^^^ \ _ -'- ,„^^nio Q- a \ ^ c ^1 



mo 



nition, ^^d^, G Dn{A, -m). Hence ip{xi) = yr-ifix"^'' ■ ^^d^,) E S 

X^ t^_ X^ Kaj — 

Next assume that Q- = x^°Q'_ with xi \ Q'_ and prove that dx^ ATp is 
regular along Hq. It suffices to show that -——ip{Q_dxJ is regular along 

Hq ioT 2 < i < i. By definition, -%(9^, = Qid^^ G DQ{A,-m) for 

2 < t < i. Hence -^ipiQ^dxJ = -^vixf^Q'^dxJ ^ S ■ -^, which 

shows that Tp G Dfi{A,m). For Q-dx, G DQ{A,-m), A(j:p){Q^dx,) = 
{'(p,Q-dx^) = (p{Q-dxJ. Hence A{'ip) = ip on the module X]i=i S ■ Q-dx^ C 
Dfl{A, — m). For a general u = J2i=i 9Ai/Q+ G DQ{A, —m), it follows that 
Q+Q.AiTp)iLu) = A{Jp){Q+Q_u) = A(^)(EIi^.Q-5.J = viEli 9^Q-^x^) - 
ip{Q^Q-Uj) = Q+Q-ip{uj). Hence A{ip) = f. □ 

10 



Theorem [12] is a generalization of the well-known duality between D{A, m) 
and Q^{A,m). Hence we can also obtain the following result. 

Corollary 1.8 

For a inultiarrangenient (Ajm), the module DQlAjm) is a reflexive S- 
module. 

Proof. Immediate from Theorem 11.71 D 

The following is a direct consequence of Corollary II. 8l and a general results 
on reflexive modules. 

Corollary 1.9 

If {A, m) is a multiarrangement in a two-dimensional vector space, then 
{A, m) is free. 

Remark 1.10 

We can prove some other results on Dfl{A, m), e.g., the decomposition of a 
logarithmic module of an arrangement which admits a direct sum decompo- 
sition (generalization of Lemma 1.4 in ^]), or the jumping behavior of a basis 
of free a multiarrangement and its deletion (generalization of Theorem 0.4 in 
l^). We do not give proofs since they are very easy and not used in this ar- 
ticle. However, there are still a lot of results for previous multiarrangements 
which have not yet proved for generalized multiarrangements defined in this 
article. For instance, the preservation of the freeness under the localization 
or addition- deletion theorems have not been known yet. 

Example 1.11 

Note that the relation between the freeness of (^+,m+), (^_,— m_) and 
{A, m) is not clear. For example, let A be the arrangement defined by (xi — 
X2){x2—x^) I {X2—X4) for an orthonormal basis {xi, . . . , 0:4} for l^ ~ M"^. Then 
it is obvious that (v4+,m+) and {A-, — m_) are both free, but we can show 
that {A^m) is not free (for example, see Theorem \2.5{i . Thus the freeness of 
both {A+, m+) and {A-., — m_) does not imply that of [A, m). 

The natural question is whether the freeness of {A, m) imply those of 
(v4+,m+) and {A-,—m,_) or not. For the braid arrangement, this is true 
again by Theorem \2.5[ 



2 Application to Coxeter multiarrangements 

In this section we prove Theorem lU . 71 and the duality of Coxeter multiarrange- 
ments. For that purpose, we apply the theory above to the freeness of Coxeter 
multiarrangements as done for quasi-constant multiplicities in Pj, and also 
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done for specific multiplicities on the braid arrangements in [l\. Through- 
out this section, let V be an £-dimensional Euclidean space, W C GL(y) 
a finite Coxeter group with the Coxeter number h and A = A{W) the 
Coxeter arrangement corresponding to W. Consider an action of W onto 
V, V*, S := Sym*(y*) ®k C, Derc(^) and fi{.. Then it is known that there 
exists a IV-invariant inner product I* : V* x V* ^ M. (see [TU] for example). 
Let us fix this inner product in this section. Then we can consider the action 
of W onto DQ{A, m) since the action of W onto D{A, m) and Q{A, m) can 
be identified through the H^- invariant inner product /*. 

Now, let S^ be the ly-invariant subring of S. Then Chevalley's theo- 
rem in [5] shows that S'^ = C[Pi, . . . , Pi] with basic invariants Pi, . . . ,Pe. 
It is known that Pi , . . . , P^ are algebraically independent over C and 2 = 
deg Pi < deg P2 < • • • < deg P^_i < deg Pi = h. Hence the rational deriva- 

d 
tion D := — — is unique up to scalars, and called the primitive deriva- 

oPi 
tion. The primitive derivation plays a crucial role in the theory of construct- 
ing the Hodge filtration and fiat structure on Der(5'^) in [7J. Also, recall 
that the afiine connection V : Derc(S') x Der(c(S') — *> Der(c(5') defined by 
Ve(v2) := '}2i=i(^i'Pi^i))9xi for 6,!f e Derc(S'). Then applying D through 
V, several results on free Coxeter multiarrangements have been obtained in 
[H] , [12] , [E] , [IS] and [1] . We give the most recent version of these results 
through the logarithmic module Z}f2(^, m) as follows: 

Theorem 2.1 

Let A be a Coxeter arrangement with the Coxeter number h, m : A ^ 
{+1,0,-1}, 6e '■= J2i=i^i^x, the Euler derivation and A; G Z. Dehne the 
map $fc : Dil{A, m){-kh) -^ DVl{A, 2k + m) by 

^m := VeV-J'dE, 

where 9 G DVt{A, m). Then $fc is an S -module isomorphism. 

Note that Theorem 12.11 immediately shows Theorem 10.71 For the proof 
of Theorem 12.11 we need the following, which is the dual version of Theorem 
10 in H]. 

Theorem 2.2 

Let A be a Coxeter arrangement and m, : A ^ {0, 1} a quasi-constant 
multiphcity. Define the morphism ^ i^ : Q^{A,m,){—kh) -^ D{A,2k — m) {k G 
Z>o) by 

where u G Q^{A,m,). Then $fc is an S-module isomorphism. 
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Proof. First note that the definition of $fc is independent of a choice of co- 
ordinates since it is defined without coordinates. Through the identification 
of Qy and Derc(5') we often write V^; (resp. uj{f)) instead of V/*(a;) (resp. 
/*(u;)(/)) for f & S. We prove Theorem 12.21 in three steps. 
Step 1. Well-definedness of ^k- First, we prove that the image of $fc is a 
regular vector field. Let Q_ be the defining polynomial of {A, m) and take a 
hyperplane Hq E A such that miyHo) = 1. It suffices to show that VuN~j^9e is 
regular along Hq for uj G V!}'{A,m). We choose an orthonormal coordinates 
{xi, . . . ,xe} in such a way that a^o = xi and prove that Vu)^^9E{xi) is 
regular along i^o for z = 1, 2, . . . , £. Recall that Ek := VJj^9e e D{A,2k + l). 
Also, if we put Ekian) = o?h^^9h {H ^ A, gn ^ S) then an f 9h (see 
[12], [IS] and H]). If we put Ek{xi) = gxf^^ {g E S), then $fc(o;)(xi) = 
u!{Ek{xi)) = uj{g)xf'^^ + {2k + l)xf'uj{xi)g. Since fc > 0, it is obvious that 
$fc(c<j)(xi) is regular along Hq. Next consider $fc(ti;)(xi) for i ^ 1. Let Ti E W 
be the reffection corresponding to the hyperplane Hq = {xi = 0}. Recall that 
Ek is l^-invariant (see p^ and [iQ\) and {xi, . . . , x^} is an orthonormal basis 
for V*. Also, since I* is VT-invariant, the actions of W onto dxi and S^;. are 
the same. Thus Ti{Ek{xi)) = Ti{Ek{Ti{xi))) = {TiEk){xi) = Ek{xi). Hence 
Ek{xi) is Ti-invariant. In other words. 



Ek{Xi) = ^ fin{x2, ■ • • , X(,)xf'' 



Thus it suffices to show that uj{fio) is regular along Hq. However, this 
is obvious since Lo{xi)I*{dxi){fio) = uj{xi)dxi{fio) = and u A dxi = 
^^^2^{^i)dxiAdxi is regular along Hq. Since it is easy to see that ^k{^){(^Ho) 
S ■ a^^ ° , the image of $fc is in D{A, 2k — m). 

Step 2. Injectivity of $fc. Choose S'-independent elements ui,...,uj£ G 
Q^{A,m) ~ DQ{A,-m). Obviously Q-Ui, . . . ,Q^uJe G Derc(5') ~ Qy. 
Hence Lemma 7 in ^ shows that 

Vq_^, V^'^i^, . . . , Vq_^,V-J'9e G D{A, 2k) 

are S'-independent. Thus so are V uj^V^9e, • • • , ^ ui^^9e- Then the same 
argument as in the proof of Theorem 10 in ^ shows the injectivity of $fc. 
Step 3. Surjectivity of $fc. First we prove that $jt is isomorphic when 
m = 1. Since Q^{A, 1) is free, we can take a basis ui, . . . ,uji for Q^{A, 1) = 
Q^{A). Then $^(1^1), • • • , ^ki^i) € -D(^, 2/;; — 1) are S'-independent by Steps 
1 and 2. Also, J2i=i deg($fc(^i)) = khi — |^|, which is equal to the sum of 
multiplicities 'Zn^AC^k - 1) = \A\i2k - 1) of {A,2k - 1) (see [S]). Hence 
Corollary 11.51 shows that $fe : Q^{A) -^ D{A,2k — 1) is an isomorphism. 
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Next consider an arbitrary quasi- const ant multiplicity m on .4 and take 
6 e D{A,2k - m). Since D{A, 2k - m) C D{A,2k -1), the previous para- 
graph implies that there exists a differential 1-form u G Q^{A, 1) such that 
'^lo'^d'^Oe = 0. Note that n^{A, 1) D ^^{A, m) and prove that u G 9} {A, m). 
By definitions of the logarithmic modules, it suffices to show that uj is regular 
along Hq such that m{HQ) = 0. Let us choose a new orthonormal coordinate 
system {xi, . . . ,Xi} in such a way that Hq = {xi = 0}. Since u G Q^{A, 1) 
it holds that u A dxi is regular along xi = 0. In other words, if we put 
u = J2i=i fidxi, then f2, ■ . ■ , fe are regular along xi = 0. We prove that /i 
is also regular along xi. Put V^'^^B(a;i) = gx^^^ and 6{xi) = fxf'. Recall 
that Xi \ g. Then 

/xf = 9{x,) = {V^V~J'9e){xi) 

Since the pole order of /i along xi is at most one, we can see that /i is 
regular along xi, which completes the proof. D 

Proof of Theorem 12. 1[ When fc = there is nothing to prove. Since the 
proof is the same, we only prove Theorem 12.11 when fc > 0. In other words, 
we prove that 

^k ■■ Dn{A, m){-kh) -^ Dn{A, 2k + m) = D{A, 2k + m) 

is an S'-isomorphism. Since the same proofs as in Theorem 12.21 on the well- 
definedness and injectivity are valid in the setup of Theorem l2.lt it suffices to 
show that $fc is surjective. Take (p G D{A, 2k + m) and recall the definition 
of m^ (/i G {+, -}) in Definition [021 Then D{A,2k + m) = D{A,2k + 
m+ -|- m_) C D{A, 2k + mJ). Hence Theorem 12.21 shows that there exists a 
logarithmic 1-form uj G Vt^{A, —niJ) such that V^V^^Oe = ^- By using this 
identification and a canonical isomorphism /* : VL^{A^ ~mJ) ~ DVL{A,m_), 
the differential form uo can be expressed as 9/Q_ G DVL^A^mJ) for 9 G 
Derc(>S'), see the following commutative diagram: 

Dn{A,m)^ Dn{A,m^) ^^"^ ' ^ 9\A,-m^) 

*fc| *fc| ^k\ 

Dn{A,2k + m) ^ ^ Dn{A,2k + m_)^=Dn{A,2k + m.) 

n 

To complete the proof, it suffices to show that u = — — G DQlAjTri), or 
equivalently, 9{aH) G S-an for any H G ^+. Take H G A+ and put ip^an) = 
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fa'^H+^ (/ G 5). Because Ve/Q^V^'^Os = V, it holds that Q-fa^H^^ = 
d{^~DdE{aH))- Put V-^^9E{aH) = ga^H^^ with g e S. Recall that au \ g. 
Therefore, 

Q_/a^^+i = d{ga^^+') = d{g)a^/^+' + {2k + l)af ^la^)^. 

Hence an \ d{aH)i which completes the proof. D 

Example 2.3 

Let A he the Coxeter arrangement of type B2 defined by xy{x^ — v"^) = 0, 
wliere {x, y} is an orthonormal coordinate system for M^. For the B2-type, 
p^ = (xl + xl)/2 and P2 = (x^ + y^)/A for S^ = C[Pi,P2]. Moreover, 
D = (-yd^ + xdy)/{x^y-xy^) andV^^Os = (-xVl5 + xV/3)9^ + (a;V/3- 
y^/15)dy. As we have seen in Example \1.2[ the multiarrangement defined by 
y/x{x — y) = is free with a basis 

a 9^ a x^x - ydy 
171 = — , fc/2 



X X — y 

Hence, for the multiarrangement {A,m) defined by xy^{x — y){x + y)"^ = 0, 
Theorem\2^ shows that D{A,m) = {V eyo^OE.V o^V^Oe) s- 

As a corollary of Theorem 12. ![ the duality theorem in |^ is also generalized 
as follows: 

Corollary 2.4 

Let A be a Coxeter arrangement with the Coxeter number h and m : A ^ 
{+1,0,-1}. Then D{A,2k + m){kh) and D{A,2k - m){kh) are S-dual 
modules. 

By using Definition 10.21 and Theorem 12.11 the result in |lj can be under- 
stood in terms of a characterization of the freeness of DQ{A, m) for the braid 
arrangement A. Let m be a multiplicity on the braid arrangement A with 
Im(m) C {+1,0, —1}. Then the set of these multiplicities has a one to one 
correspondence with an edge-bicolored graph. Then Theorem 0.3 in [1] can 
be extended as follows: 

Theorem 2.5 

Let A; G Z. In the above notation, the multi-braid arrangement {A, 2k + m) 
is free if and only if the corresponding graph with m is bicolor-eliminable. 

Proof. By Theorem 11.71 and result in pLj it suffices to show the case when 
k = 0. Then Theorem 12. II shows that (.4, m) is free if and only if {A, 2k + m) 
is free for any k G Z>o. Hence Theorem 0.3 in [1] completes the proof. D 
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Remark 2.6 

The results in j^, |^ and jlOf (see also 
commutative diagram: 



and lib]) give us the following 



Qi - 
I*\ 
DerR(5') 



w 



-I 



Here both rows are T{:= ]R[Pi, . . . , Pe-i]) -isomorphisms and both columns 
are S^ -isomorphisms. It is known that DeriR(S')^ ~ D{A)^ . Also, it is 
proved by Terao in Jl3y and Ji5| that the second row can be extended to the 
left as a sequence of shift isomorphisms: 



^W ^D 



W ^D 



\W 



. D{A, 2A; + l)*^ ^ D{A, 2A; - l)*^ ^ D{A, 2k - 3) 

Combining this sequence with the above diagram and identification I*, it 
seems natural that the image VniDiA)^) ~ Der^w ^ I*{Q^{A)^) might 
be regarded as D{A, —l)^, which also supports Definition \0.2[ 
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